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Conditional probability analysis for a domain model
of Ca2+ -inactivation of Ca2+ channels

Joel Keizer and Laura Weiss Maki
Institute of Theoretical Dynamics and Department of Chemistry, University of California, Davis, California 95616

ABSTRACT The domain model of Ca2+ inactivation of Ca2+ channels, which has been used to explain rapid inactivation of whole cell Ca2+
currents in pancreatic ,3 cells, is applied to single-time and conditional open probability measurements on guinea pig ventricular myocyte
Ca2+ channels. These two measurements greatly constrain the choice of kinetic constants in the model. Calculations with the model
provide a simple quantitative explanation of recent experimental results, including a slow increase in the inactivation rate.

INTRODUCTION
Calcium channels from a variety of tissues (Eckert and
Chad, 1984; Rosenberg et al., 1988) exhibit the phenom-
enon of Ca2"-dependent inactivation of Ca21 currents
(Lux and Brown, 1984; Plant, 1988; Hopkins et al.,
1991). This type of inactivation is characteristically di-
minished or absent when Ba2+ is the charge carrier and
shows up in both whole cell and single channel record-
ings. For whole cells when calcium channel densities are
low and for single-channel recordings, a modified ver-

sion ofthe shell model (Chad and Eckhart, 1984), which
has been termed the domain model (Sherman et al.,
1990), provides a simple explanation of how this might
occur.

The domain model relies on results from numerical
simulations which show that at the inside mouth of an
open channel the average concentration of Ca2+ is ele-
vated to the order of a few hundred ,uM within a few
microseconds after opening (Simon and Llinas, 1985).
As a consequence, in intact cells the inactivation of an
open channel by the binding ofa Ca2+ ion is vastly more
likely than for a closed channel. The concentration of
Ca2+ in the domain, Cad(V), is localized within a few
tenths of a micron of the mouth of an open channel
(Simon and Llin'as, 1985). Its value is determined by
the external Ca2+ concentration, Cao, the membrane po-
tential, V, and the internal Ca2+ concentration (Sher-
man et al., 1990). Sufficiently far from the reversal po-
tential, Cad(V) is proportional to the single-channel
current, i(V).
The shell model is based on a very different idea about

the spatial distribution ofCa2 . In that model, one pos-
tulates that Ca2+ currents lead to a "shell" of elevated
Ca2+ concentration underlying the entire plasma mem-
brane. Furthermore, it is the rate of filling of that shell
that governs the rate of Ca21 inactivation of the Ca2+
current. Finally, because both open and closed channels
are subject to Ca2+ within the shell, open channels are
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not inactivated preferentially, as they are in the domain
model.

Previously we have shown (Sherman et al., 1990) that
the domain model can be used to explain whole cell rec-
ords of Ca2l inactivation for pancreatic a cells (Plant,
1988; Hopkins et al., 1991; Smolen and Keizer, 1992).
Here we extend that work to show that the domain
model can explain the surprising "memory" effect found
in conditional open probability measurements of single
Ca2l channels from guinea pig ventricular myocytes
(Yue et al., 1990).
Yue and co-workers (Yue et al., 1990) examined en-

sembles ofsingle L-type Ca21 channel records from myo-
cytes. After stepping the voltage from a holding potential
of -50 mV to +20 mV, the time course of the open
probability was obtained by averaging repeated records.
Ca2+ dependent inactivation was observed in the open
probability on a time scale of tens of milliseconds. In
addition, subensembles of records that contained an

open channel in specific time windows subsequent to the
step were obtained. By averaging the currents in each
subensemble, they were able to construct the time course
ofthe conditional open probability, that is, the probabil-
ity of finding an open channel at time t' given that it was
open at time t. The conditional open probability also
showed Ca2+ dependent inactivation, but on a faster
time scale (less than a millisecond). Furthermore, the
conditional open probability had the property that the
rate ofrelaxation towards its equilibrium value increased
with the length of time that had elapsed from the depo-
larizing step. This observation ofmemory was reinforced
by the fact that the existence of openings before the ob-
servation window also increased the average relaxation
rate over that seen when no prior openings had occurred.
Such observations cannot be explained with the earlier
shell models of Ca21 inactivation without modification.

STOCHASTIC DOMAIN MODEL
We show here that all of these observations can be ex-
plained using the domain model (Sherman et al., 1990),
the simplest form of which is
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Cad
C=O = B, (1)

where C is a closed state, 0 is an open state, and B is a
reversibly blocked state of the channel'. Blocking is a
bimolecular step attributed to the binding of domain
Ca2" as indicated. This is the minimal domain model,
which assumes that blocking and binding occur simulta-
neously.

If this is not the case, the domain model must be ex-
tended to (Smolen and Keizer, 1992)

Cad
C=O=O'±B, (2)

where the state 0' represents the open state with a bound
Ca2+ ion. This form of the domain model has been used
to analyze Ca2+-inactivation for mouse f cells (Hopkins
et al., 1991; Smolen and Keizer, 1992). Clearly, the
mechanism in Eq. 1 can not explain the memory effect
observed by Yue et al., ( 1990) because no matter at what
time an open state is observed, it will certainly be state 0
and, because the model is Markovian, the conditional
open probability will relax at a rate that is independent of
the time elapsed from depolarization. As we show here,
the extended model in Eq. 2 can explain the conditional
observations because it contains two open states, 0 and
O'. If they have the same conductance, then for a suffi-
cient lapse oftime after the voltage step, an "open" state
is more likely to be the state O', which obviously inacti-
vates or "blocks" more rapidly than the state 0.

It is implicit in Eq. 2 that both open states have the
same conductance and, therefore, cannot be distin-
guished in a single channel record. This is compatible
with the observation of unitary currents of a fixed size
(0.35 pA) for ventricular myocytes. We should also note
that when Ba2+ is the charge carrier, the states O' and B
are inaccessible as long as Ba2+ does not bind to the
channel. This is consistent with the observation (Yue et
al., 1990) that Ba2+ currents do not inactivate nor, in
that case, does the rate of decay of the conditional open
probability depend upon the time lapsed from the depo-
larization step.
The statistical properties of the model in Eq. 2 are

governed by a master equation (Hill 1977; Keizer, 1987)
consisting of four linear ordinary differential equations
that describe the time rate ofchange ofthe probability of
the four states. Assuming that the only state that occurs
at -50 mV is the closed state, C, we have solved these
equations for the single-time probability, W( i, t) (i = C,
0, O', B), using the initial condition W(C, 0) = 1,
where the depolarization step occurs at t = 0.
As is well known (Lux and Brown, 1984) the temporal

behavior of W(open, t) is proportional to the whole cell

'The idea ofreversible blocking, rather than inactivation to an absorb-
ing state, is supported by experiment (Yue et al., 1990).

current. Thus, by averaging the current in a large num-
ber single-channel records in which the depolarization
occurred at time zero, Yue et al. ( 1990) were able to
obtain the single-time open probability. The phrase sin-
gle-time is used here to differentiate this probability from
the conditional open probability, which involves two
time points in its determination. Theoretically the sin-
gle-time open probability is given by the expression
W(open, t) = W(O, t) + W(O', t) because both 0 and
0' are open. The relative fraction ofthe two states in the
single time ensemble are, therefore, given by wo(t) =

W(O, t)/W(open, t) and wo0(t) = W(O', t)/W(open,
t). We will refer to these fractions as the weight factor for
each state.
To calculate the single-time open probability we have

selected a set of rate constants for the model in Eq. 2 that
provide a reasonable fit to the all ofthe measurements of
Yue et al. (1990), which were performed at V = +20
mV. The single-channel current was determined experi-
mentally to have a value of 0.35 pA (Yue et al., 1990).
For the pancreatic a cell, it was observed that the magni-
tude of the domain calcium concentration, in units of
mM, roughly equaled the magnitude of the current, in
units ofpA (Sherman et al., 1990). Using this provides
an estimate of 0.35 mM for Cad. Combining this with
the value of the pseudo first-order rate constant, k'=
K. Cad = 2.3 m s-', then allows us to predict that the
bimolecular binding rate constant, K, of Ca2+ to the
channel is the order of I07 M-l s-' . This is smaller than
the diffusion-controlled value, but comparable to the
binding rate constant for charybdotoxin to Ca2+-acti-
vated potassium channels (Miller, 1991). Using this
value for kV and the other rate constants in the legend to
Fig. 1, we have calculated the time dependence of the
single-time open probability shown in Fig. 1 A. The
maximum and asymptotic values (z0.047 and 0.00)
and the time course ofthe inactivation are in reasonable
agreement with that observed by Yue et al. ( 1990).
For the same parameter values, the time course ofthe

weight factor ofthe open state, O', is shown in Fig. 1 B. It
exhibits a complicated behavior, rapidly increasing from
zero in the first few milliseconds, leveling off for '20
ms, and then slowly increasing to nearly unity. This re-
flects the initial rapid shift in the relative probability of
the two open states from 0 to O' following the depolariza-
tion step, followed by the slower equilibration of chan-
nels predominantly into state O' as equilibrium is
achieved. The weight factor can be written as a quotient
ofsums ofthe equilibrium value and three exponentials,
whose relaxation times are r = .099, 0.20, and 10.7 ms
for the indicated rate constants.
To obtain the conditional open probability for the

model in Eq. 2, we calculated the single-state conditional
probabilities weighted by their time-dependent probabil-
ity of occurrence, i.e.,

292 Biophysical Journal Volume 63292 Biophysical Joumal Volume 63 July 1992



P(open, tlopen, t')

= WO(t) [P(OI0, t' - t) + P(OIO', t' - t)]

+ WO,(t).[P(0'I0, t'- t) + P(0'1O', t' - t)]. (3)

The left-hand side of Eq. 3 represents the open probabil-
ity at time t', conditioned on an observation of an open
state at time t, in an ensemble in which all states are C at
t = 0 (O < t < t'). This is equal to the right hand side of
Eq. 3, where the Ps are single-state conditional open
probabilities and depend only on the time interval, t' - t,
following the observation of the first state. They are cal-
culated from the master equation by making the appro-
priate choice of initial condition, e.g., P(O 1 O', t' - t) =
W(0', t' - t) if W(O, 0) = 1. The two terms in square
brackets in Eq. 3 are the "mixed" open probabilities con-
ditioned on the initial state 0 or 0', i.e., P( 0I open, t' -
t) and P(O'l open, t' - t), respectively.
The time course ofthe "mixed" conditional probabili-

ties are shown in Fig. 2 A. The upper curve is for 0 as the
initial state, and the lower curve is for 0'. Thus, the open
probability conditioned initially on state 0' relaxes more
rapidly than when 0 is the initial state. As is obvious
from the connectivity of the states in Eq. 2, this is a
general property of the model although the difference in
relaxation rates is determined by the precise values ofthe
rate constants.
While the "mixed" conditional open probabilities

cannot be measured directly, using the expressions in
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FIGURE 1 A shows the single-time open probability for the four-state
domain model in Eq. 2. The calculation was made using the following
values ofrate constants, where the steps in Eq. 2 are labeled left to right,
the superscript + is the forward step and the - is the backward step: kt =
0.2, k- = 2.5, k+ = K Cad = 2.3, k- = 0.05, k+ = 10, k3 = 0.005. The
units are all ms-'. B shows the weight factor for state 0' as a function of
time calculated with the same rate constants.
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FIGURE 2 A shows the "mixed" conditional probabilities for the four-
state domain model in Eq. 2 calculated with the same parameters as in
Fig. 1. The upper curve is for the initial condition 0 and the lower
curve is for O'. B gives the conditional open probabilities for the four
state domain model, where the initial open condition is observed at 10,
50, and 170 ms after the depolarizing step to +20 mV.

Eq. 3 they can be combined with the weight factors in
Fig. 1 B to obtain the conditional open probability,
which has been measured (Yue et al., 1990). The results
are shown in Fig. 2 B, where we have selected our obser-
vation "windows" at 10, 50, and 170 ms after the depo-
larization step.2 Although we have not attempted to ad-
just the kinetic constants systematically to optimize
agreement with experiment, the results for the three
open probabilities in Fig. 2 A are similar in shape and
duration to those found by Yue et al. ( 1990). All three
curves fall essentially to zero within a millisecond, and
the rate of relaxation is increased significantly if one
waits for 50 or 170 ms after the depolarization step. Note
that it is the rapid (less than a millisecond time scale)
relaxation in Fig. 2 B that corresponds to the effect of
domain calcium blocking the channel, just as seen by
Yue et al., ( 1990).
The time course of the single-time open probability

taken together with the conditional probabilities provide
significant constraints on the choice of rate constants for
our model. Three distinct pieces of kinetic information
are provided by the single-time probability: its rise time
just after depolarization, its relaxation time toward equi-

2To obtain a sufficient number of data, Yue et al. ( 1990) used small
time "windows" of increasing length centered at the point 10, 50, and
170 ms. For simplicity, our analysis uses precise initial points as de-
scribed by Eq. 3. Otherwise, we would need to average our results over
the time windows.

Keizer and Maki Ca2 Inactivation of .2+ Channels

A

initial state
0

A
II I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Keizer and Maki Cal' Inactivation of Ca2+ Channels 293



librium, and its asymptotic equilibrium value (cf. Fig.
1 A). The time course of the conditional probability
measured at 10 and 170 ms helps define the inactivation
rates from state 0 and 0' (cf. Fig. 2), whereas the mea-
surement at 50 ms provides information about the time
scale on which the weight factor, wo (t), changes (cf. Fig.
1 B). Indeed, the magnitude of the rate constants dic-
tated by these constraints (see Fig. 1, legend) are in keep-
ing with those that can be inferred for L-type Ca2+ chan-
nels in whole cells (Lux and Brown, 1984; Plant, 1988)
and bilayers (Rosenberg et al., 1988).

Additional kinetic information, which would serve as
a check on the assignment of kinetic constants, could
come from measurements of the distribution of open
times (Lux and Brown, 1984). Because the ensemble of
channels following depolarization is nonstationary, the
distribution of open times will depend of the time inter-
val, t, after depolarization. For openings that commence
at time t, the probability density for open times oflength
r can be shown to be:

Popen,t( W=o(t) -[ki- Pf(O|O , T)+ k3+P(O 1°, T)]
+ wo(t).[kiP(0'lO, T) +k3P(O'O', T)], (4)

where, for example, P( 0 0, T) represents the probabil-
ity of a channel being in state 0 at r given that its state
was Oatr =0 and that it stayed open (O or 0') through-
out [0, T]. P is easy to calculate because it is identical to
the single-state conditional probability calculated with
k' = k- = 0 (see Eq. 2). Using Eq. 4 we have calculated
Popenj(T) and find, as expected, that for small or large
values of t, it is similar in shape to the 10 and 170 ms
curves in Fig. 2 B. Using Eq. (4) and the fact that wo(t) =
I - wo (t), it further follows that

Popen,t(O) = kj + (k3 - k- ) Wo (t) (5)
According to Eq. 5, the distribution of open times
could provide both a check on the values of k,
and k3 and independent information about the weight
factor, w0.(t).

CONCLUSIONS
The origin of the two time scales in the domain model
(rapid blocking of open channels and slow increase in
blocking rate) can be traced to two features of Eq. 2.
First, the existence oftwo open states with the same con-
ductance, one free of Ca2+ (0) and the other with Ca2+
bound (0'). The state O' is, thus, primed to be reversibly
blocked. This insures that the "mixed" conditional prob-
ability relaxes more rapidly when O' is the initial state.
The second feature is the existence of more than two
relaxation times. This allows the single-time open proba-
bility to relax within tens of milliseconds, while the frac-
tion of open states that are O' increases on a longer time
scale (cf. Fig. 1). In fact we can improve the agreement

with the published data ofYue et al. ( 1990) by adding an
additional closed state to the model. This allows us to
reduce the maximum single time open probability in
Fig. 1 A from 0.047 to 0.03, which is more in line with
experiment. While there is evidence for additional closed
states of the ventricular myocyte Ca2" channel (Imredy
and Yue, 1991 ), they do not seem crucial for mimicking
the open probability measurements.
Our purpose in this note has been two-fold. First, to

show how the domain model (Sherman et al., 1990) of
Ca2" inactivation of Ca2" channels can be used to ana-
lyze conditional open probability measurements. And
second, to show that this analysis can be used to explain
both the single time and conditional open probability
measurements ofYue et al. ( 1990) for guinea pig ventric-
ular myocytes. This latter analysis requires selection of
particular rate constants for the model in Eq. 2, but oth-
erwise requires no changes in its basic features. The addi-
tional kinetic information contained in the conditional
open time probabilities provides important constraints
on the selection ofkinetic constants, which could be aug-
mented, as we have shown, by a knowledge of the non-
stationary distribution of open times. In light of this, it
would be interesting to measure the voltage dependence
ofthe conditional open probabilities and to see how well
the domain model agrees with those experiments when
the appropriate voltage dependence in the rate constants
is included.
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